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Abstract
A matrix H = [dij ] is a generalized Hadamard matrix of order uλ with entries
from U which is a finite group of order u (for short GH(u, λ)) such that whenever
i 6= ℓ the set {dijd
−1
ℓj | 1 ≤ j ≤ uλ} contains each element of U exactly λ times. In
this paper, we construct GH(q, q)’s and GH(q, q2)’s over additive groups of finite
fields GF(q)’s by using some sorts of functions.
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1 Introduction
Definition 1.1. Let U be a finite group of order u, and let uλ = k. A matrix H = [dij ]
is a generalized Hadamard matrix of order k with entries from U (for short GH(u, λ))
such that whenever i 6= ℓ the set {dijd
−1
ℓj | 1 ≤ j ≤ k} contains each element of U exactly
λ times.
Example 1.1. 

1 ω ω4 ω4 ω
ω 1 ω ω4 ω4
ω4 ω 1 ω ω4
ω4 ω4 ω 1 ω
ω ω4 ω4 ω 1


is a GH(5, 1) over Z5 = 〈ω |ω
5 = 1〉.
We have the following intersting problems on generalized Hadamard matrices.
(1) What u and λ can we construct a generalized Hadamard matrix GH(u, λ) ?
(2) Can we extend sizes of generalized Hadamard matrices from known ones ?
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As for question (1), the existence (or the nonexistence) of GH(u, λ) for 2 ≤ uλ ≤ 99
is grouped in [1]. All known generalized Hadamard matrices are currently over prime-
power order groups. Thus it is the largest problem to solve the conjecture ”There are no
generalized Hadamard matrices over non-prime-power order groups” (see [1]).
For question (2), the following results over additive groups of finite fields GF(q)’s are
known.
• For any odd prime power q, there exists a GH(q, 2) over GF(q) extended from
GH(q, 1)’s. (Jungnickel [4] and Street [5])
• For any odd prime power q (≥ 7), there exists a GH(q, 4) over GF(q) extended from
GH(q, 1)’s and GH(q, 2)’s. (Dawson [2])
• For all odd prime powers 19 < q < 200 (except 27), a GH(q, 8) over GF(q) exists.
(de Launey and Dawson [3])
In this paper, we construct GH(q, q)’s and GH(q, q2)’s over additive groups of finite
fields GF(q)’s. In Section 2, we define some matrices related to generalized Hadamard
matrices by using some sorts of functions and we mention their properties. By using
them, we construct GH(q, q)’s and GH(q, q2)’s in Section 3.
2 Other definitions and their properties
Let p be a prime and q = pn.
Definition 2.1. Let F = GF(q) = {a0 = 0, a1, · · · , aq−1}.
(i) For a mapping f : F −→ F , we define M(f) : F × F ∋ (a, b) 7−→ f(b− a) ∈ F .
Then M(f) is a matrix of order q over F indexed by each element of F .
Let Ωq = {M(f) | f : F −→ F map}.
(ii) Let M(f) ∈ Ωq. We call M(f) is a type I matrix if M(f) is a GH(q, 1). Therefore
if M(f) is a type I matrix, then {f(b − a1) − f(b − a2) | b ∈ F} = F holds for all
a1 6= a2 ∈ F .
We call M(f) is a type II matrix if f(b1)− f(b1 − a) = f(b2)− f(b2 − a) holds for all
a, b1, b2 ∈ F .
Let Ωq, I = {M(f) | f : F −→ F is a mapping, M(f) is type I.} and Ωq, II = {M(f) | f :
F −→ F is a mapping, M(f) is type II.}.
Example 2.1. Let F = GF(3) = {0, 1, 2}.
(i) Let f(x) = x− x2 and M(f)(a, b) = f(b− a). We index 0, 1, 2, in order, for each
row and column of M(f). Then
M(f) =


f(0) f(1) f(2)
f(2) f(0) f(1)
f(1) f(2) f(0)

 =


0 0 1
1 0 0
0 1 0

 is type I.
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(ii) Let f(x) = 2 + x and M(f)(a, b) = f(b− a). We index 0, 1, 2, in order, for each
row and column of M(f). Then
M(f) =


f(0) f(1) f(2)
f(2) f(0) f(1)
f(1) f(2) f(0)

 =


2 0 1
1 2 0
0 1 2

 is type II.
Lemma 2.1. Let F = GF(q) and M(f) ∈ Ωq. Then M(f) ∈ Ωq, I if and only if a
mapping F ∋ x 7−→ f(x+ a)− f(x) ∈ F is bijective for all a ∈ F ∗.
Thus M(f) ∈ Ωq, I if and only if f is a planar function.
Proof: M(f) ∈ Ωq, I ⇐⇒ M(f) is a GH(q, 1).
⇐⇒ For any a1 6= a2 ∈ F, {f(x− a1)− f(x− a2) | x ∈ F} = F .
⇐⇒ For any a ∈ F ∗, {f(x+ a)− f(x)|x ∈ F} = F .
⇐⇒ For any a ∈ F ∗, F ∋ x 7−→ f(x+ a)− f(x) ∈ F is bijective. 
Lemma 2.2. Let p be a odd prime, q = pn, and F = GF(q). Let f be a mapping over F .
If a0, a1, a2, b1, b2, · · · , bn−1 ∈ F exist such that f(x) = a0 + a1x+ a2x
2 + b1x
p + b2x
p2 +
· · ·+ bn−1x
pn−1 and a2 6= 0, then f is a planar function.
Proof: For any a ∈ F ∗, f(x + a) − f(x) = a0 + a1(x + a) + a2(x + a)
2 + b1(x + a)
p +
b2(x + a)
p2 + · · ·+ bn−1(x + a)
pn−1 − a0 − a1x − a2x
2 − b1x
p − b2x
p2 − · · · − bn−1x
pn−1 =
2a2ax+ a1a+ a2a
2 + b1a
p + b2a
p2 + · · ·+ bn−1a
pn−1 .
Therefore a mapping F ∋ x 7−→ f(x + a) − f(x) ∈ F is bijective, f is a planar
function. 
Lemma 2.3. Let p be a prime, q = pn, and F = GF(q). Let f be a mapping over F .
If a, b0, b1, b2, · · · , bn−1 ∈ F exist such that f(x) = a+b0x+b1x
p+b2x
p2+ · · ·+bn−1x
pn−1,
then M(f) ∈ Ωq, II.
Proof: Let g(x) = f(x) − a. For any x1, x2 ∈ F , g(x1 − x2) = f(x1 − x2) − a =
a + b0(x1 − x2) + b1(x1 − x2)
p + b2(x1 − x2)
p2 + · · · + bn−1(x1 − x2)
pn−1 − a = b0(x1 −
x2) + b1(x
p
1 − x
p
2) + b2(x
p2
1 − x
p2
2 ) + · · ·+ bn−1(x
pn−1
1 − x
pn−1
2 ) = g(x1) − g(x2). Hence for
any x1, x2 ∈ F , f(x1)− f(x1 − x2) = f(x1)− a− f(x1 − x2) + a = g(x1)− g(x1 − x2) =
g(x1)− g(x1) + g(x2) = g(x2), the difference is constant.
Therefore M(f) ∈ Ωq, II . 
3 Construction of GH(q, q)’s and GH(q, q2)’s
By Lemma 2.2, if f is of degree 2, then M(f) is a GH(q, 1). By Lemma 2.3, if f is of at
most degree 1, then M(f) ∈ Ωq, II . In this section, we construct generalized Hadamard
matrices by using them.
3.1 Construcion of GH(q, q)’s by using Type I matrices
Theorem 3.1. Let p be a odd prime, q = pn, and F = GF(q) = {a0 = 0, a1, · · · , aq−1}.
Let fa0(x) = x
2, fa1(x) = a1+x
2, · · · , faq−1(x) = aq−1+x
2, we have M(fa0), M(fa1), · · · ,
M(faq−1).
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Let a matrix H of order q2 be
H =


H0, 0 H0, 1 · · · H0, q−1
H1, 0 H1, 1 · · · H1, q−1
H2, 0 H2, 1 · · · H2, q−1
...
...
...
Hq−1, 0 Hq−1, 1 · · · Hq−1, q−1


=


M(fa0) M(fa0) · · · M(fa0)
M(fa0) M(fa1a1) · · · M(fa1aq−1)
M(fa0) M(fa2a1) · · · M(fa2aq−1)
...
...
...
M(fa0) M(faq−1a1) · · · M(faq−1aq−1)


.
Then H is a GH(q, q).
Proof: Since each block is a GH(q, 1), whenever a 6= c the set of the difference between
ath row and cth row of Hi, 0, Hi, 1, · · · , Hi, q−1 contains each element of F exactly q times.
Thus, for i 6= j, we consider the difference between the kth row ofHi, 0, Hi, 1, · · · , Hi, q−1
and the ℓth row of Hj, 0, Hj,1, · · · , Hj, q−1.
(i) The case of k = ℓ.
The set of the difference between the kth row of Hj,m and the kth row of Hi,m contain
amaj − amai = am(aj − ai) exactly q times. Because m ∈ {0, 1, · · · , q − 1}, in the kth
row of H , each element of F appears exactly q times.
(ii) The case of k 6= ℓ.
Let ℓ − k = a. For any m ∈ {0, 1, · · · , q − 1}, we consider the set of the difference
between the kth row of Hj,m and the ℓth row of Hi,m {famaj (x+ a)− famai(x) | x ∈ F}.
Since famaj (x+ a)− famai(x) = amaj + (x+ a)
2 − amai − x
2 = 2ax+ a2 + am(aj − ai), it
holds that {famaj (x+ a)− famai(x) | x ∈ F} = F , each element of F appears exactly one
time. In H , each element of F appears exactly q times.
Therefore H is a GH(q, q). 
Example 3.1. For F = GF(3) = {0, 1, 2}, let f0(x) = x
2, f1(x) = 1 + x
2, and f2(x) =
2 + x2, we have M(f0) =


0 1 1
1 0 1
1 1 0

 , M(f1) =


1 2 2
2 1 2
2 2 1

 , and M(f2) =


2 0 0
0 2 0
0 0 2

.
Then H =


M(f0) M(f0) M(f0)
M(f0) M(f1) M(f2)
M(f0) M(f2) M(f1)

 =


0 1 1 0 1 1 0 1 1
1 0 1 1 0 1 1 0 1
1 1 0 1 1 0 1 1 0
0 1 1 1 2 2 2 0 0
1 0 1 2 1 2 0 2 0
1 1 0 2 2 1 0 0 2
0 1 1 2 0 0 1 2 2
1 0 1 0 2 0 2 1 2
1 1 0 0 0 2 2 2 1


is a GH(3, 3).
3.2 Construcion of GH(q, q)’s by using Type II matrices
Theorem 3.2. Let p be a prime, q = pn, and F = GF(q) = {a0 = 0, a1, · · · , aq−1}.
Let fa0(x) = a0x = 0, fa1(x) = a1x, · · · , faq−1(x) = aq−1x, we have M(fa0), M(fa1), · · · ,
M(faq−1).
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Let a matrix Hq of order q
2 be
Hq =


H0, 0 H0, 1 · · · H0, q−1
H1, 0 H1, 1 · · · H1, q−1
H2, 0 H2, 1 · · · H2, q−1
...
...
...
Hq−1, 0 Hq−1, 1 · · · Hq−1, q−1


=


M(fa0) M(fa1) · · · M(faq−1)
M(fa1) M(fa1+a1) · · · M(fa1+aq−1)
M(fa2) M(fa2+a1) · · · M(fa2+aq−1)
...
...
...
M(faq−1) M(faq−1+a1) · · · M(faq−1+aq−1)


.
Then Hq is a GH(q, q).
Proof: By Lemma 2.3, for any m ∈ {0, 1, · · · , q − 1}, whenever a 6= c the set of the
difference between ath row and cth row ofHi,m contains one element of F exactly q times.
In one row of Hq, since we take fa0 , fa1 , · · · , faq−1 exactly one time, each element of F
appears exactly q times.
Thus, for i 6= j, we consider the difference between the kth row ofHi, 0, Hi, 1, · · · , Hi, q−1
and the ℓth row of Hj, 0, Hj,1, · · · , Hj, q−1.
Let ℓ − k = a. For any m ∈ {0, 1, · · · , q − 1}, we consider the set of the difference
between the kth row of Hj,m and the ℓth row of Hi,m {fam+aj (x+a)−fam+ai(x) | x ∈ F}.
Since fam+aj (x+a)−fam+ai(x) = (am+aj)(x+a)− (am+ai)x = (aj−ai)x+(am+aj)a,
it holds that {fam+aj (x+ a)− fam+ai(x) | x ∈ F} = F , each element of F appears exactly
one time. In Hq, each element of F appears exactly q times.
Therefore Hq is a GH(q, q). 
Example 3.2. For F = GF(3) = {0, 1, 2}, let f0(x) = 0, f1(x) = x, and f2(x) = 2x, we
have M(f0) =


0 0 0
0 0 0
0 0 0

 , M(f1) =


0 1 2
2 0 1
1 2 0

 , and M(f2) =


0 2 1
1 0 2
2 1 0

.
Then H3 =


M(f0) M(f1) M(f2)
M(f1) M(f2) M(f0)
M(f2) M(f0) M(f1)

 =


0 0 0 0 1 2 0 2 1
0 0 0 2 0 1 1 0 2
0 0 0 1 2 0 2 1 0
0 1 2 0 2 1 0 0 0
2 0 1 1 0 2 0 0 0
1 2 0 2 1 0 0 0 0
0 2 1 0 0 0 0 1 2
1 0 2 0 0 0 2 0 1
2 1 0 0 0 0 1 2 0


is a GH(3, 3).
Example 3.3. For F = GF(4) = {0, 1, α, α + 1} (α2 = α + 1), let f0(x) = 0,
f1(x) = x, fα(x) = αx, and fα+1(x) = (α + 1)x, we have M(f0) =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,
M(f1) =


0 1 α α+ 1
1 0 α + 1 α
α α + 1 0 1
α+ 1 α 1 0

 , M(fα) =


0 α α + 1 1
α 0 1 α + 1
α + 1 1 0 α
1 α + 1 α 0

, and
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M(fα+1) =


0 α+ 1 1 α
α + 1 0 α 1
1 α 0 α + 1
α 1 α + 1 0

.
Then H4 =


M(f0) M(f1) M(fα) M(fα+1)
M(f1) M(f0) M(fα+1) M(fα)
M(fα) M(fα+1) M(f0) M(f1)
M(fα+1) M(fα) M(f1) M(f0)

 =


0 0 0 0 0 1 α α+ 1 0 α α+ 1 1 0 α + 1 1 α
0 0 0 0 1 0 α+ 1 α α 0 1 α+ 1 α+ 1 0 α 1
0 0 0 0 α α + 1 0 1 α+ 1 1 0 α 1 α 0 α+ 1
0 0 0 0 α+ 1 α 1 0 1 α + 1 α 0 α 1 α+ 1 0
0 1 α α+ 1 0 0 0 0 0 α + 1 1 α 0 α α+ 1 1
1 0 α+ 1 α 0 0 0 0 α+ 1 0 α 1 α 0 1 α+ 1
α α + 1 0 1 0 0 0 0 1 α 0 α+ 1 α+ 1 1 0 α
α+ 1 α 1 0 0 0 0 0 α 1 α+ 1 0 1 α + 1 α 0
0 α α+ 1 1 0 α + 1 1 α 0 0 0 0 0 1 α α+ 1
α 0 1 α+ 1 α+ 1 0 α 1 0 0 0 0 1 0 α+ 1 α
α+ 1 1 0 α 1 α 0 α+ 1 0 0 0 0 α α + 1 0 1
1 α + 1 α 0 α 1 α+ 1 0 0 0 0 0 α+ 1 α 1 0
0 α + 1 1 α 0 α α+ 1 1 0 1 α α+ 1 0 0 0 0
α+ 1 0 α 1 α 0 1 α+ 1 1 0 α+ 1 α 0 0 0 0
1 α 0 α+ 1 α+ 1 1 0 α α α + 1 0 1 0 0 0 0
α 1 α+ 1 0 1 α + 1 α 0 α+ 1 α 1 0 0 0 0 0


is a GH(4, 4).
3.3 Construcion of GH(q, q2)’s by using Type II matrices
Theorem 3.3. Let p be a prime, q = pn, and F = GF(q) = {a0 = 0, a1, · · · , aq−1}. Let
fa0(x) = a0x = 0, fa1(x) = a1x, · · · , faq−1(x) = aq−1x, we haveM(fa0), M(fa1), · · · ,M(faq−1)
and a GH(q, q) Hq in Theorem 3.2.
Let a matrix J of order q2 be J =


1 1 · · · 1
1 1 · · · 1
...
...
...
1 1 · · · 1

 and let a matrix H of order q
3 be
H =


Hq Hq · · · Hq
Hq a1a1J +Hq · · · a1aq−1J +Hq
Hq a2a1J +Hq · · · a2aq−1J +Hq
...
...
...
Hq aq−1a1J +Hq · · · aq−1aq−1J +Hq


.
Then H is a GH(q, q2).
Proof: Since Hq is a GH(q, q), whenever a 6= c the set of the difference between ath row
and cth row of Hq, aia1J +Hq, · · · , aiaq−1J +Hq contains each element of F exactly q
2
times.
Thus, for i 6= j, we consider the difference between the kth row of Hq, aia1J +
Hq, · · · , aiaq−1J +Hq and the ℓth row of Hq, aja1J +Hq, · · · , ajaq−1J +Hq.
(i) The case such that k and ℓ are two rows in the same block of Hq and k = ℓ.
The set of the difference between the kth row of aiamJ+Hq and the kth row of ajamJ+
Hq contain ajam − aiam = am(aj − ai) exactly q
2 times. Because m ∈ {0, 1, · · · , q − 1},
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in the kth row of H , each element of F appears exactly q2 times.
(ii) The case such that k and ℓ are two rows in the same block of Hq and k 6= ℓ.
We consider the set of the difference between the kth row of aiamJ + Hq and the
ℓth row of ajamJ + Hq. In one block of Hq, one element of F appears exactly q times.
Since we take fa0 , fa1 , · · · , faq−1 exactly one time, each element of F appears exactly q
times in the set of the difference between the kth row of aiamJ +Hq and the ℓth row of
ajamJ +Hq.
Because one row of H has q blocks of Hq, the set of the difference between the kth
row of H and the ℓth row of H contain each element of F exactly q2 times.
(iii) The case such that k and ℓ are two rows in distinct blocks of Hq.
For any m ∈ {0, 1, · · · , q − 1}, we consider the set of the difference between the
kth row of aiamJ + Hq and the ℓth row of ajamJ + Hq. Let ℓ − k = a, for any m
′ ∈
{0, 1, · · · , q− 1}, we consider {ajam + fam′+aj (x+ a)− aiam− fam′+ai(x) | x ∈ F}. Since
ajam+fam′+aj (x+a)−aiam−fam′+ai(x) = ajam+(am′+aj)(x+a)−aiam−(am′+ai)x =
(aj−ai)x+(am′+aj)a+am(aj−ai), {ajam+fam′+aj (x+a)−aiam−fam′+ai(x) | x ∈ F} = F ,
each element of F appears exactly one time. Because one row of Hq has q blocks (i,e,
m′ ∈ {0, 1, · · · , q− 1}), the set of the difference between the kth row of aiamJ +Hq and
the ℓth row of ajamJ +Hq contain each element of F exactly q times.
As one row ofH has q blocks ofHq (i,e, m ∈ {0, 1, · · · , q−1}), the set of the difference
between the kth and the ℓth rows of H contains each element of F exactly q2 times.
Therefore H is a GH(q, q2). 
Example 3.4. For F = GF(3) = {0, 1, 2}, let H3 =


0 0 0 0 1 2 0 2 1
0 0 0 2 0 1 1 0 2
0 0 0 1 2 0 2 1 0
0 1 2 0 2 1 0 0 0
2 0 1 1 0 2 0 0 0
1 2 0 2 1 0 0 0 0
0 2 1 0 0 0 0 1 2
1 0 2 0 0 0 2 0 1
2 1 0 0 0 0 1 2 0


be a
GH(3, 3) constructed in Example 3.2.
Let a matrix J of order 9 be J =


1 1 · · · 1
1 1 · · · 1
...
...
...
1 1 · · · 1

.
Then a matrix of order 27 H =


H3 H3 H3
H3 J +H3 2J +H3
H3 2J +H3 J +H3

 =
7


0 0 0 0 1 2 0 2 1 0 0 0 0 1 2 0 2 1 0 0 0 0 1 2 0 2 1
0 0 0 2 0 1 1 0 2 0 0 0 2 0 1 1 0 2 0 0 0 2 0 1 1 0 2
0 0 0 1 2 0 2 1 0 0 0 0 1 2 0 2 1 0 0 0 0 1 2 0 2 1 0
0 1 2 0 2 1 0 0 0 0 1 2 0 2 1 0 0 0 0 1 2 0 2 1 0 0 0
2 0 1 1 0 2 0 0 0 2 0 1 1 0 2 0 0 0 2 0 1 1 0 2 0 0 0
1 2 0 2 1 0 0 0 0 1 2 0 2 1 0 0 0 0 1 2 0 2 1 0 0 0 0
0 2 1 0 0 0 0 1 2 0 2 1 0 0 0 0 1 2 0 2 1 0 0 0 0 1 2
1 0 2 0 0 0 2 0 1 1 0 2 0 0 0 2 0 1 1 0 2 0 0 0 2 0 1
2 1 0 0 0 0 1 2 0 2 1 0 0 0 0 1 2 0 2 1 0 0 0 0 1 2 0
0 0 0 0 1 2 0 2 1 1 1 1 1 2 0 1 0 2 2 2 2 2 0 1 2 1 0
0 0 0 2 0 1 1 0 2 1 1 1 0 1 2 2 1 0 2 2 2 1 2 0 0 2 1
0 0 0 1 2 0 2 1 0 1 1 1 2 0 1 0 2 1 2 2 2 0 1 2 1 0 2
0 1 2 0 2 1 0 0 0 1 2 0 1 0 2 1 1 1 2 0 1 2 1 0 2 2 2
2 0 1 1 0 2 0 0 0 0 1 2 2 1 0 1 1 1 1 2 0 0 2 1 2 2 2
1 2 0 2 1 0 0 0 0 2 0 1 0 2 1 1 1 1 0 1 2 1 0 2 2 2 2
0 2 1 0 0 0 0 1 2 1 0 2 1 1 1 1 2 0 2 1 0 2 2 2 2 0 1
1 0 2 0 0 0 2 0 1 2 1 0 1 1 1 0 1 2 0 2 1 2 2 2 1 2 0
2 1 0 0 0 0 1 2 0 0 2 1 1 1 1 2 0 1 1 0 2 2 2 2 0 1 2
0 0 0 0 1 2 0 2 1 2 2 2 2 0 1 2 1 0 1 1 1 1 2 0 1 0 2
0 0 0 2 0 1 1 0 2 2 2 2 1 2 0 0 2 1 1 1 1 0 1 2 2 1 0
0 0 0 1 2 0 2 1 0 2 2 2 0 1 2 1 0 2 1 1 1 2 0 1 0 2 1
0 1 2 0 2 1 0 0 0 2 0 1 2 1 0 2 2 2 1 2 0 1 0 2 1 1 1
2 0 1 1 0 2 0 0 0 1 2 0 0 2 1 2 2 2 0 1 2 2 1 0 1 1 1
1 2 0 2 1 0 0 0 0 0 1 2 1 0 2 2 2 2 2 0 1 0 2 1 1 1 1
0 2 1 0 0 0 0 1 2 2 1 0 2 2 2 2 0 1 1 0 2 1 1 1 1 2 0
1 0 2 0 0 0 2 0 1 0 2 1 2 2 2 1 2 0 2 1 0 1 1 1 0 1 2
2 1 0 0 0 0 1 2 0 1 0 2 2 2 2 0 1 2 0 2 1 1 1 1 2 0 1


is a GH(3, 9).
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